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ABSTRACT
A systematic construction of super W-algebras in terms of the WZNW model based
on a super Lie algebra is presented. These are shown to be the symmetry structure of
the super Toda models, which can be obtained from the WZNW theory by Hamiltonian
reduction. A classification, according to the conformal spin defined by an improved energy-
momentum tensor, is discussed in general terms for all super Lie algebras whose simple roots
are fermionic. A detailed discussion employing the Dirac bracket structure and an explicit
construction of W-algebras for the cases of OSP (1, 2), OSP (2, 2), OSP (3, 2) and D(2, 1|α)
are given. The N=1 and N=2 super conformal algebras are discussed in the pertinent cases.
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1 Introduction
There has been an increasing demand in the study of the symmetry structures of two di-
mensional conformal field theories. One of the interesting developments in this direction was
the introduction of extensions of the Virasoro algebra by higher spin generators constituting
the so called W-algebra [1]. These are not Lie algebras and have been shown to be the
symmetries of a variety of models [2, 3, 4]. The geometrical and algebraic meaning of such
transformations are not well understood yet, but some results have already been obtained
in this direction [5, 6].
The W-algebras have been extensively studied in the context of the Toda models. These
can be cast in three different classes according to the algebraic structure. There are the
Conformal Toda models (CT) associated to finite Lie algebras which are conformally invari-
ant and which the simplest example is the Liouville model. The Affine Toda models (AT)
associated to the Kac-Moody algebras with vanishing central extension (loop algebras) and
which the simplest example is the Sinh-Gordon model. These are not conformally invariant
but have been shown to possess infinite number of conserved charges in involution [7]. Fi-
nally there are the recently proposed Conformal Affine Toda models (CAT) [8, 9] which are
associated to the full Kac-Moody algebra and constitute a conformal extension of the AT
models.
The W structure appears in a very elegant way in the CT models through a Hamiltonian
reduction procedure. These models have been shown to be constrained WZNW theories [10].
In order to preserve the conformal invariance the energy momentum tensor has to be modified
to commute with the constraints. As a consequence, the conformal spins of the currents are
changed giving rise to higher spin generators. The remaining Kac-Moody currents under the
reduction, which are the symmetries of the CT models, become the generators of the W-
algebra. Another framework for constructing the W-generators for the CT models, involving
differential operators, is based on the work of Drinfeld-Sokolov [11, 2]. The CAT models
have also been shown to be obtained by a Hamiltonian reduction procedure from a WZNW
type model associated to a two loop Kac-Moody algebra [9, 12]. The W structure of such
models is not described just by the remaining Kac-Moody currents like in [10]. There is an
infinite number of W-generators and a method for generating them was proposed in [13].
The AT models, being not conformally invariant, were not studied along these lines. But
an interesting point to be explored in this context is the connection of the W symmetries of
the CAT models and the integrability structures of the AT models via a breakdown of the
conformal symmetry (see for instance [14]).
The supersymmetric version of the CT models have also received a lot of attention. They
are superconformal models and constitute a natural place to study the role of supersymmetry
in the structures discussed above. In fact, several aspects of the super W-algebras for such
models have been studied [15]. A construction of N = 1 and N = 2 super conformal algebra
in terms of the fields of super conformal Toda models (SCT) was proposed in [16]. Their
algebra was derived from the Poisson brackets obtained from the SCT action. Recently, the
SCT models have been shown to be constrained super WZNW models associated to super
Lie algebras whose simple roots can be chosen to be all fermionic [17, 18, 19]. Such result
paves the way to explore the symmetries of SCT models on the lines of ref. [10]. Indeed,
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the spin of the W generators of those models were calculated in ref. [20] using the methods
of ref. [10].
In this paper we propose a systematic construction of the super W-algebra for the super
conformal Toda models. Our starting point is a conformally invariant WZNW model under-
lined by a super Lie algebra G whose simple roots are all fermionic. Such theory, however
is not supersymmetric because the number of bosonic and fermionic generators in G do not
match. In section 2 we review the Hamiltionian reduction procedure which constrains our
model in a conformally invariant manner in order to obtain the SCT model, which is super-
symmetric. In section 3 we give a general method to find the remaining super Kac-Moody
currents and their corresponding conformal spins. It is shown that both, the bosonic and
fermionic currents decompose each into rank G multiplets of a special SL(2) subalgebra of
G. It is also argued in general terms that after constraining and gauge fixing there is a single
remaining current associated to the highest weight of each SL(2) multiplet. That consti-
tute a generalization to super Lie algebra of the analysis of ref. [10]. Next in section 4 we
analyze all cases where the simple roots are fermionic and determine the conformal spin of
each remaining current. In section 5 we present the super W-algebra for some examples by
calculating explicitly the Dirac brackets for the remaining currents. The examples discussed
are: a) OSP (1, 2) which possesses a N = 1 superconformal algebra; b) OSP (2, 2) which
presents N = 2 superconformal algebra; c) OSP (3, 2) with an extension by a spin 5/2 of the
N = 1 superconformal algebra and finally d) the case of the exceptional super Lie algebra
D(2, 1 | α) (α 6= 0,−1) which presents three non-commuting Virasoro subalgebras plus two
generators of spin 3/2 and one of spin 5/2. It is shown that such super W-algebra possesses
two non commuting N = 1 superconformal subalgebras.
2 The reduction of super WZNW theory
We consider a WZNW theory based on a field g(x) which takes value on a connected real
Lie supergroup G. Such theory possesses many of the properties of the ordinary WZNW like
conformal invariance and left and right Kac-Moody symmetries. The equations of motion
are given by
∂−JR = 0 ; ∂+JL = 0 (1)
where JR and JL are respectively the left and right Kac-Moody currents
JR = kg
−1∂+g; JL = −k∂−gg
−1 (2)
where k is the central term of the KM algebra. In order to obtain the Super-Toda theories as
reduced models from the above WZNW models, the superalgebra G of G must be a Basic Lie
superalgebra which possess purely odd simple root system, [17, 18]. These are sl(n+1 | n) ,
OSP (2n− 1 | 2n), OSP (2n | 2n), OSP (2n+ 1 | 2n), OSP (2n+ 2 | 2n) and D(2, 1|α) with
n ≥ 1 and α 6= 0,−1. The supercommutation relations for G, in the Chevalley basis, can be
written as
[Ha, Hb] = 0 ; [Ha, Eαb] = KabEαb
[Eαa , E−αb] = δabHa ; [Ha, E−αb] = −KabE−αb
(3)
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where Ha are the generators of the Cartan subalgebra, Eαa and E−αa are the odd operators
associated to the positive and negative simple roots respectively, Kab is the Cartan matrix
of G (which can be chosen real and symmetric), αa are the simple roots of G (all assumed to
be odd roots) and a, b = 1, 2, ...r, where r is the rank of G . The superalgebra G possesses
an invariant nondegenerate supersymmetric bilinear form given by
STr(HaHb) = Kab; STr(EαaE−αb) = δab
STr(HaEαb) = STr(HaE−αb) = STr(EαaEαb) = STr(E−αaE−αb) = 0 (4)
The bilinear form for the remaining step operators E±α is such that STr(HaE±α) = 0, and
STr(EαEβ) = 0 for α+ β 6= 0. We introduce the components of the KM currents
JR(T ) ≡ kSTr(Tg
−1∂+g) ; JL(T ) ≡ −kSTr(T∂−gg
−1) (5)
Under the Poisson bracket each chiral component generates a copy of the (super) KM algebra,
and currents of different chiralities commute among themselves. The energy-momentum
tensor is of the Sugawara form,
T (x) =
1
2k
ηijJi(x)Jj(x) (6)
where ηij is the inverse of the Killing form, ηij = STr(TiTj), where T
′
is constitute a basis
of G and J stand for either JL or JR. All currents have conformal spin one with respect to
T (x), i.e.,
[T (x), Ji(y)] = Ji(y)δ
′(x− y)− J ′i(y)δ(x− y) (7)
The Super-Toda theories are obtained from the WZNW model by a Hamiltonian reduction
procedure where the following constraints are imposed on the KM currents [17]
JL(Eαa) = 0 ; JR(E−αa) = 0
JL(Eαab) = µ
−
(ab)(1 + δab)Kab ; JR(E−αab) = −µ
+
(ab)(1 + δab)Kab
JL(Eα) = 0 ; JR(E−α) = 0
(8)
where Eαab and E−αab are even simple root step operators defined by
Eαab ≡ [Eαa , Eαb]; E−αab ≡ [E−αa , E−αb] (9)
and Eα and E−α are respectively the positive and negative remaining step operators of G in
the Chevalley basis. Using the super Jacobi identity and the invariance of the bilinear form
(4) one gets
STr(EαabE−αcd) = −(δacδbd + δadδbc)Kcd (10)
The roots αab = αa + αb, associated to the step operators Eαab , are the simple roots of the
even subalgebra G0, where G = G0+G1 is the ZZ2 grading of G. The reason is that αab can not
be written as the sum of two positive even roots of G. Notice that G0 may not be a simple
ordinary Lie algebra, and its set of simple roots is the union of the sets of simple roots of
each one of its simple components.
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The equations of motion of the Super-Toda theories are obtained from (1) by parametriz-
ing the group elements close to the identity by a Gauss type decomposition
g = NAM (11)
where
N (x+, x−) = expF+(x+, x−) ; M(x+, x−) = expF−(x+, x−) ;
A(x+, x−) = exp(φa(x+, x−)Ha) (12)
and
F+ =
rankG∑
a=1
ζa(x+, x−)Eαa + F˜+ ; F− =
rankG∑
a=1
ξa(x+, x−)E−αa + F˜− (13)
where F˜+ and F˜− are real linear combinations of the positive and negative non simple roots
of G respectively, φa are bosonic fields and ζa and ξa are grassmannian fields.
We introduce
KR ≡Mg
−1∂+gM
−1 = A−1N−1∂+NA+A
−1∂+A+ ∂+MM
−1
KL ≡ N
−1∂−gg
−1N = N−1∂−N + ∂−AA
−1 +A∂−MM
−1A−1 (14)
The equations of motion (1) can then be written as
∂−KR = −[KR, ∂−MM
−1] (15)
∂+KL = [KL,N
−1∂+N ] (16)
After the constraints (8) are imposed, the currents take the for m
JR = kg
−1∂+g =
∑
(ab)
µ+(ab)Eαab + jR (17)
JL = −k∂−gg
−1 =
∑
(ab)
µ−(ab)E−αab + jL (18)
where jR (jL) is a linear combination of Cartan subalgebra generators and of negative (pos-
itive) root step operators. From (9) and the invariance of the bilinear form STr it follows
that
[Eαab , E−αc ] = −Kab(δbcEαa + δacEαb)
[E−αab , Eαc ] = Kab(δbcE−αa + δacE−αb) (19)
From (14), (17) and (18) we conclude that, after the constraints are imposed
(
A−1N−1∂+NA
)
constr.
=
∑
(ab)
µ+(ab) (Eαab +Kab (ξbEαa + ξaEαb))
(
A∂−MM
−1A−1
)
constr.
=
∑
(ab)
µ−(ab) (E−αab +Kab (ζbE−αa + ζaE−αb)) (20)
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Further, after a conjugation by the abelian subgroup A, we find(
N−1∂+N
)
constr.
=
∑
(ab)
µ+(ab)
(
e(Kac+Kbc)φcEαab +Kab
(
ξbe
KacφcEαa + ξae
KbcφcEαb
))
(
∂−MM
−1
)
constr.
=
∑
(ab)
µ−(ab)
(
e(Kac+Kbc)φcE−αab +Kab
(
ζbe
KacφcE−αa + ζae
KbcφcE−αb
))
(21)
Now using (20) and (21) in (15) and (16), we find the equations of motion for the fields
φa, ξa and ζa. The equation for φa correspond to the coefficients of the Cartan subalgebra
in either (15) or (16), whilst the coefficient of the positive and negative simple root step
operator of (16) and (15), respectively, yields the equations of motion for ξa and ζa. They
are
∂+∂−φa = 4
∑
b
Ka,bµ
+
abµ
−
abe
(Kac+Kbc)φc − 4
∑
b,d
µ+abµ
−
adKabKadξbζde
Kacφc
∂−ξa = 2
∑
b
µ−abKabζbe
Kacφc (22)
∂+ζa = 2
∑
b
µ+abKabξbe
Kacφc .
These are the equations of motion of the super conformal Toda models.
3 The Super W -algebra
The symmetries of the WZNW theory are given by the left and right KM currents (5). The
symmetries of the Super-Toda theories are described by the currents which remain after
the constraints (8) and the corresponding gauge fixings are imposed. The algebra of these
remaining currents, under the Dirac bracket, is not a subalgebra of the KM algebra. In fact,
it is not even a Lie algebra. Their algebra constitute what is called a super W -algebra. We
now describe a method to obtain the W generators and their algebra. It is a generalization
to the case of superalgebras, of the method described in [11, 10]. Our discussion applies
equally well to both chiralities. So, we will restrict ourselves to the right sector. In order for
the constraints (8) to preserve conformal invariance the energy-momentum tensor (6) needs
to be modified to
L(x) = T (x) + 2∂xJδ˜.H(x) (23)
where Jδ˜.H(x) = STr(J(x)δ˜.H) and δ˜ =
1
2
∑
α>0
α
α2
, one half of the sum of the even coroots
of G0. With respect to the improved energy-momentum tensor L(x) the conformal spins of
the currents Ji are changed. In particular, JR(E−αab) become scalars. Those corresponding
to the Cartan subalgebra remain unchanged whilst those corresponding to positive root step
operators are increased as
[L(x), J(Eα(y)] = (1 + h(α))J(Eα)(y)δ
′(x− y)− J ′a(y)δ(x− y) (24)
where h(α) = 2δ˜.α is called the height of the root α. After the constraints (8) are imposed,
the current JR takes the form (17). The constant operator
I+ =
∑
(ab)
µ+(ab)Eαab (25)
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appearing on the r.h.s of (17) plays a crucial role in what follows. It belongs to a special
Sl(2) subalgebra S of G0
[T3, I±] = ±I±; [I+, I−] = 2T3 (26)
where
T3 = 2δ˜.H ; I− =
∑
(ab)
w(ab)E−αab (27)
where w(ab) are determined by imposing (26). Since T3 is an element of the Cartan subalgebra,
the step operators of G are its eigenstates
[T3, Es] = h(s)Es (28)
The simple roots αab of G0 have unit height. From the super Jacobi identity it follows that
if s, s′ and s + s′ are roots then h(s + s′) = h(s) + h(s′). Therefore the simple roots of G
must satisfy h(αa) + h(αb) = 1 for any pair αa, αb. The adjoint representation of G can be
decomposed into irreducible representations of S. Since these are finite, it follows that the
eigenvalues of T3 must be integers or half integers. Therefore one concludes that
h(αa) =
1
2
(29)
for any simple root αa of G. The decomposition of the adjoint representation of G into
multiplets of S is very useful in what follows. Since S contains only even generators its
multiplets will be constituted of only even or only odd generators of G. In fact the adjoint
of G0 itself decomposes into multiplets of S. The weights of S appearing in it are all integers
(zero and the heights of the even roots). The generators of G1 define an even dimensional
representation of G0. Indeed the odd roots of G are the weights of this representation. Such
representation of G0 will also break into multiplets of S. The weights of S appearing in
it are all half integers. In an irreducible representation of S the eigenvalues of T3 are not
degenerate and so it follows that the Cartan subalgebra generators of G must belong to dif-
ferent multiplets. Since multiplets with integer spin necessarily contains the zero weight, the
number of S-multiplets in G0 is exactly the rank of G. For the same reason the simple roots
of G must belong to distinct multiplets. Since any positive (negative) odd root necessarily
has height greater than 1
2
(smaller than or equal to −1
2
) they must belong to one of the
multiplets where the simple root step operators are. Therefore the representation of G0 on
G1 also decomposes into exactly rank G S-multiplets. In ref.[20] the adjoint representation
of G was decomposed into super multiplets of a special OSP (1, 2) subalgebra.
We now discuss the choice of gauge fixing. We want the Poisson bracket of a constraint
with its respective gauge fixing to be proportional to the currents JR(E−αab) which are set
to constants in (8). Therefore the gauge fixing of the constraints
ϕ(ab) = JR(E−αab) + µ
+
(ab)(1 + δab)Kab (30)
can be taken to be the Cartan subalgebra generators JR(Ha). Notice that if G0 has U(1)
factors the number of even simple roots αab is smaller than the rank of G. Therefore one
does not have all the Cartan subalgebra generators as gauge fixing. The gauge fixing of the
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constraint JR(E−α), where α is an even positive non simple root, can be taken to be JR(Eβ)
where β is a positive even root such that [Eβ , E−α] is proportional to an even negative simple
root step operator E−αab . This means that h(α)− h(β) = 1. By doing this one can convince
oneself that there will always be a remaining current (not used as gauge fixing) of height j
whenever there is a S-multiplet with highest weight j. Therefore the number of remaining
currents with integer height is equal to the number of S-multiplets in the adjoint of G0 which
is equal to rank G. This is in fact the result discussed in [10].
We can now apply the same procedure to choose the gauge fixing of the constraints
associated to the odd roots. The gauge fixing of JR(E−αa), a = 1, 2, ...r can be taken to
be themselves, since their Poisson brackets are proportional to JR(E−αab) which are set to
constants in (8). The gauge fixing of the constraints JR(E−σ), where σ is an odd positive non
simple root, can be chosen to be JR(Eσ′) where σ
′ is a positive odd root such that [E−σ, Eσ′ ]
is to proportional to a negative even simpl e root operator E−αab . Again h(σ) − h(σ
′) = 1.
By the same reasoning as above one concludes that the number of remaining currents with
half integer height is equal to the number of S-multiplets in G1 which is also equal to the
rank of G.
Summarizing, we have shown that
1. The adjoint representation of G0 decomposes into rank G multiplets of the subalgebra
S (26).
2. The representation of G0 in G1 also decomposes into rank G S-multiplets.
3. After the gauge fixing there is a one to one correspondence between remaining currents
and S-multiplets in the adjoint of G.
4. The number of remaining currents with integer and half integer height is the same and
equal to the rank of G.
5. The conformal spin, w.r.t. L(x), of the remaining current associated to the S-multiplet
with highest weight j is (j + 1).
We now show that the remaining currents can be written in terms of the Super-Toda
fields and its derivatives only, showing that they are indeed the symmetries of the WZNW
theory which survives the reduction procedure. From (14) and (20) one gets
Jconstr.R = k
(
g−1∂+g
)
constr.
=M−1
(
I+ + I 1
2
+ ∂+Φ
)
M+M−1∂+M = I+ + jR (31)
where ∂+Φ = A−1∂+A =
∑rankG
a=1 ∂+φaHa, I+ is defined in (25), and
I 1
2
≡
∑
(ab)
µ+(ab)Kab (ξbEαa + ξaEαb) (32)
The fields of the Super-Toda theory are the parameters φa of the abelian subgroup A, ζa
and ξa (a = 1, 2, ... rank G). The fields of the WZNW model which we want to eliminate
from the remaining currents, and which appear in (31) are the parameters of the subgroup
M contained in F˜− (see (13)). We now show that after the gauge fixing described above
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the remaining currents depend only on the fields of the Super-Toda theory and therefore are
symmetries of it.
The analysis is made simpler by grading the generators with eigenvalues of T3 defined in
(27). We write F˜− =
∑
s F˜
−s
− , and (JR)
constr. = I+ +
∑
s′ J
−s′
R , where
[T3, F˜
−s
− ] = −sF˜
−s
− ; [T3, J
−s′
R ] = −s
′J−s
′
R (33)
We then have
J1R = I+
J
1
2
R = 0
J0R = [I+, F˜
−1
− ] + [I 1
2
, ξaE−αa ] + ∂+Φ +
1
2
[ξaE−αa , [ξbE−αb , I+]]
J
− 1
2
R = [I+, F˜
−3/2
− ] + ... (34)
and so on. Therefore
J−sR = [I+, F˜
−s−1
− ] +X
−s (35)
where X−s involves F˜−s
′
− for s
′ ≤ s + 1
2
only. We can then write the fields appearing in
F˜− in terms of the fields of the Super-Toda theory by gauge fixing the currents recursively.
For instance, we set to zero a number of components of J0R equal to the dimension of the
subspace generated by [I+, F˜−1− ]. That is equal to rank G except for the cases where G0 has
U(1) factors. We then have the fields in F˜−1− written in terms of φa and ξa. Analogously we
set to zero a number of components of J
− 1
2
R equal to the dimension of the subspace generated
by [I+, F˜
−3/2
− ] and eliminate the fields in F˜
−3/2
− . Therefore one observes that the number of
remaining currents (not used as gauge fixing) of height s is equal the number of components
of J−sR minus the dimension of the subspace spanned by [I+, F˜
−s−1
− ]. But this is exactly the
number of multiplets of S with highest weight s, showing that this is the same gauge fixing
discussed above. Since at the end of the process the fields in F˜− will all be written in terms
of the fields of the Super-Toda theory, so will all the remaining currents. These currents
will be generators of symmetries of the Super-Toda theory. As we have shown before their
number is twice the rank of G. Half of them have integer height and the other half have half
integer height.
Notice that the remaining gauge symmetry, after the constraints (8) are imposed, is given
by the subgroup generated by negative non simple roots. Indeed, the form of the constrained
current (17) is left unchanged by the gauge transformation
JR → M˜
−1J+M˜+ M˜
−1∂+M˜ (36)
where M˜ is a exponentiation of a real linear combination of the step operators corresponding
to negative non simple roots. The negative simple root step operators can not be included
because their super commutator with Eαab would produce positive simple root step operators.
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4 Higher Spin Generators for the Super Toda Model
In this section we discuss in detail how the framework of section 3 can be applied to the cases
where G1 contain all the simple roots of G. We only deal with the fermionic sector since the
decomposition of the adjoint representation of G0 into multiplets of Sl(2) has been discussed
by Balog et al [10]. The T3 generator defined in eq.(27) is constructed in terms of the roots
of G0 and these in terms of a set of unit length vectors, ǫ′is and ρ
′
as, where ǫi · ǫj = −δi,j ,
ρa · ρb = δa,b. Let us consider case by case all possibilities.
1. G = OSP (2l+ 1, 2n), G0 = SO(2l + 1)⊗ SP (2n), n, l = 1, 2, ...
The even and odd set of roots according to [21] are given respectively as
∆0 = {±ǫi ± ǫj ,±ǫi,±ρa ± ρb,±2ρa, i, j = 1, 2, ...l, a, b = 1, 2, ...n}
∆1 = {±ρa,±ǫi ± ρa} (37)
The height h(a) of a root a is defined in (28) and is determined in terms of δ˜ = 1
2
∑
α>0
α
α2
.
Let
δ˜SP (2n) =
1
4
n∑
a<b
(ρa − ρb) +
1
4
n∑
a<b
(ρa + ρb) +
1
4
n∑
a=1
ρa =
1
2
n∑
a=1
(n− a+
1
2
)ρa (38)
and
δ˜SO(2l+1) = −
1
4
n∑
i<j
(ǫi − ǫj)−
1
4
n∑
i<j
(ǫi + ǫj)−
1
2
n∑
i=1
ǫi = −
1
2
l∑
i=1
(n− i+ 1)ǫi (39)
from where we derive
h(ρa) = δ˜SP (2n) · ρa = n− a+
1
2
(40)
h(ǫi) = δ˜SO(2l+1) · ǫi = l − i+ 1 (41)
The number N(2j+1
2
) of odd roots of height 2j+1
2
can be evaluated for the two cases of interest,
i.e.
1.a) l = n− 1, i.e. G = OSP (2n− 1, 2n)
N(
2j + 1
2
) = 2n− j − 1 (42)
1.b) l = n, i.e. G = OSP (2n+ 1, 2n)
N(
2j + 1
2
) = 2n− j (43)
For both cases, when j = 0, N(1
2
) yields the number of Sl(2) multiplets ∆1 is decomposed.
This agrees with the general argument of the previous section to be rank G. Further, since
there is a remaining current associated to the highest weight of each multiplet, the number
of W-generators of conformal spin 2j+3
2
is therefore found to be equal to
N(
2j + 1
2
)−N(
2j + 3
2
) = 1 (44)
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2.) G = OSP (2l, 2n), G0 = SO(2l)⊗ SP (2n)
∆0 = {±ǫi ± ǫj ,±ρa ± ρb,±2ρa, i, j = 1, 2, ...l, a, b = 1, 2, ...n}
∆1 = {±ǫi ± ρa}
Again the height of the roots of OSP (2l, 2n) is given by eq.(28) where
δ˜SO(2l) = −
1
2
l∑
i<j
(ǫi − ǫj)−
1
2
l∑
i<j
(ǫi + ǫj) = −
1
2
l∑
i=1
(l − i)ǫi (45)
It then follows
h(ǫi) = δ˜SO(2l) · ǫi = l − i (46)
For the cases of interest, i.e.
2.a) l = n, i.e. G = OSP (2n, 2n), n > 1,
N(
2j + 1
2
) = 2n− j (47)
2.b) l = n+ 1, i.e. G = OSP (2n+ 2, 2n)
N(
2j + 1
2
) = 2n− j + 1 (48)
In all cases discussed so far there is a single W-generator of conformal spin 2j+3
2
.
3.) G = OSP (2, 2), G0 = SO(2)⊗ SP (2)
∆0 = {±2ρ}
∆1 = {±ǫ± ρ}
The T3 generator is given in terms of the fundamental weight of the bosonic subalgebra G0,
T3 =
1
2
ρ.H (49)
The fermionic roots in ∆1 decomposes therefore into two doublets, namely ǫ± ρ and −ǫ± ρ
yielding two remaining currents of conformal weight 3
2
, i.e.
G+ = Jǫ+ρ, G− = J−ǫ+ρ (50)
This two generators of spin 3
2
give rise to a N = 2 superconformal theory. This fact shall be
explicitly shown in the next section using Dirac brackets.
4.) G = SU(n + 1, n), G0 = SU(n + 1)⊗ SU(n)⊗ U(1)
∆0 = {±(ǫi − ǫj),±(ρa − ρb), i, j = 1, 2, ...n+ 1, a, b = 1, 2, ...n}
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∆1 = {±(ǫi − ρa)}
The height of the fermionic roots in ∆1 is determined from the definition of T3 in eq.(27)
where
δ˜su(l) =
1
2
l+1∑
i<j
(σi − σj)
|σi − σj |
2 =
1
4
l+1∑
i=1
(l − 2i+ 1)
σi
|σi|
2 (51)
where σi stand for either ǫi or ρa. Therefore
h(ǫi − ρa) = a− i+
1
2
(52)
The number of odd roots of height 2j+1
2
is then given by
N(
2j + 1
2
) = 2n− 2j (53)
Hence the number of W-generators of conformal spin 2j+3
2
is then
N(
2j + 1
2
)−N(
2j + 3
2
) = 2. (54)
This example shows that there are always 2 W -generators of conformal spin 2j+1
2
and hence
should be associated to a N = 2 superconformal theory.
5.) G = D(2, 1|α), G0 = SU(2)⊗SU(2)⊗SU(2), α 6= 0,−1. The bosonic and fermionic
roots are, respectively
∆0 = {±2ǫi, i = 1, 2, 3} (55)
∆1 = {±ǫ1 ± ǫ2 ± ǫ3} (56)
where ǫ21 = −
α+1
2
, ǫ22 =
1
2
and ǫ23 =
α
2
. The T3 generator is then defined to be
T3 = 2δ˜ ·H =
(
−
ǫ1
α + 1
+ ǫ2 +
ǫ3
α
)
·H (57)
The 8 odd roots of G therefore decomposes into 2 doublets and one quadruplet as follows
h(ǫ1 + ǫ2 + ǫ3) =
3
2
h(ǫ1 + ǫ2 − ǫ3) = h(ǫ1 − ǫ2 + ǫ3) = h(−ǫ1 + ǫ2 + ǫ3) =
1
2
Although there are two W-generators of conformal weight 3
2
this model contains two non-
commuting N = 1 superconformal systems, whose structure is displayed in Section 5.
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5 Examples
In this section we discuss in detail how the structure described in the previous sections can
be illustrated to construct Super W-algebras. In particular, this presents a construction of
representations of N=1 and N=2 super-conformal algebras in terms of the super Toda fields.
Our notation for the super Kac-Moody algebra is as follows,
[JHi(x), JHj (y)] = kSTr(HiHj)δ
′(x− y)
[JHi(x), J±α(y)] = ±α · ǫiJ±α(y)δ(x− y) (58)
[Jα(x), Jβ(y)] =


ε(α, β)Jα+β(x)δ(x− y) if α + β is a root
BααiJHiδ(x− y) + kBαδ
′(x− y) if α + β = 0
0 otherwise
where Bα = STr(EαE−α), α =
∑rankG
i=1 αiǫi and ǫ
′
is constitute a basis for the root space.
Much of the calculation in this section can be performed using a computer program for
algebraic manipulation.
5.1 G = OSP(1,2) and the N = 1 Super Conformal Theory
Let us consider the super Lie algebra OSP (1, 2) where the even and odd roots are, respec-
tively ±2ρ and ±ρ, (ρ2 = 1). The Lie algebra is
[H,E±2ρ] = ±2E±2ρ ; [H,E±ρ] = ±E±ρ (59)
[E+2ρ, E−2ρ] = 2B2ρH ; {E+ρ, E−ρ} = BρH ;
{E±ρ, E±ρ} = ε(±ρ,±ρ)E±2ρ ; [E±2ρ, E∓ρ] = ε(±2ρ,∓ρ)E±ρ
[E±2ρ, E±ρ] = 0
Since we are already dealing with a conformal invariant field theory we shall only consider
one chirality, say JR = J . Following the Gauss decomposition,(11)-(13), we shall describe as
bosonic fields are φ(x), f(x) and g(x) and the fermionic fields as ζ(x) and ξ(x). From (12)
we write,
F+ = ζ(x)Eρ + f(x)E2ρ ;F− = ξ(x)E−ρ + g(x)E−2ρ (60)
and find the components of the current defined in (5) to be (normalizing StrH2 = 1),
1
k
J−2ρ = B2ρ(∂+f −
ε(ρ, ρ)
2
ζ∂+ζ)e
−2φ (61)
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1k
JH =
2
k
gJ−2ρ − Bρξ∂+ζe
−φ + ∂+φ
1
k
J2ρ = B2ρ
(
−
2
k
g2J−2ρ + 2Bρgξ∂+ζe
−φ − 2g∂+φ+ ∂+g −
1
2
ε(ρ, ρ)ξ∂+ξ
)
1
k
Jρ = Bρ
(
2
k
gξJ−2ρ − ε(2ρ,−ρ)g∂+ζe
−φ + ξ∂+φ− ∂+ξ
)
1
k
J−ρ = Bρ
(
ε(2ρ,−ρ)
kB2ρ
ξJ−2ρ + ∂+ζe
−φ
)
All currents have conformal weight one, with respect to the Sugawara energy momentum
tensor, (6). However, with respect to the modified energy-momentum tensor,
L(x) = T (x) + ∂xJHρ (62)
the current J−2ρ becomes scalar and can be set to a constant λ without breaking the confor-
mal symmetry. Also following (8) the current associated to the negative fermionic root J−ρ
should be set to vanish. These two constraints imply further subsidiary conditions (gauge
fixings) to be imposed. In order to evaluate the Dirac brackets of the remaining currents,
we need to invert the matrix
∆i,j(x, y) = {ψi(x), ψj(y)}PB‖constrained ; i, j = 1, 2, 3. (63)
where the constraints and gauge fixings are
ψ1 = J−2ρ − λ ; ψ2 = JH ; ψ3 = J−ρ (64)
The Dirac bracket is defined as
{A(x), B(x)}DB = {A(x), B(y)}PB − {A(x), ψi(z)}∆
−1
i,j (z, z
′) {ψj(z
′), B(y)} (65)
where integrations over z and z′ are implicit.
We therefore find that the algebra of the remaining currents J2ρ and Jρ under Dirac
bracket yields the N = 1 super conformal algebra if we define
L(x) =
λ
kB2ρ
J2ρ ; G(x) =
(
2λ
kB2ρε(ρ, ρ)
) 1
2
Jρ. (66)
In other words, the Dirac bracket yields
[L(x), L(y)]DB = 2L(y)δ
′(x− y)− L′(x)δ(x− y)−
k
4
δ′′′(x− y)
[L(x), G(y)]DB =
3
2
G(y)δ′(x− y)−G′(x)δ(x− y) (67)
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[G(x), G(y)]DB = 2L(y)δ(x− y)− kδ
′′(x− y)
where we have used the following relations
ε(2ρ,−ρ)Bρ = ε(ρ, ρ)B2ρ (68)
and
2Bρ = −ε(2ρ,−ρ)
2.
which were obtained from the Super Jacobi identities and the symmetry properties of the
brackets.
Moreover, solving the constraints and gauge fixings, ψi(x) = 0 , i = 1, 2, 3 for L(x) and
G(x), we find an explicit realization of the algebraic structure (67) in terms of the Super
Toda (Super Liouville) fields, i.e.,
L(x) =
{
1
2
(∂+φ)
2 −
1
2
∂2+φ−
1
2
λε(ρ, ρ)ξ∂+ξ
}
(69)
G(x) = kBρ
√√√√ 2λ
kB2ρε(ρ, ρ)
{ξ∂+φ− ∂+ξ} . (70)
Such realization can be done if the Dirac bracket is replaced by the canonical Poisson bracket
derived from the super Toda action, [15].
5.2 G = OSP(2,2) and the N = 2 Super Conformal Theory
In this case, the even and odd roots are respectively ±2ρ and ±ρ ± ǫ, (ρ2 = 1, ǫ2 = −1).
The Lie algebra is
[Hρ, E±α] = ±ρ · αE±α ; [Hǫ, E±α] = ±ǫ · αE±α ; for α = 2ρ, (ρ+ ǫ), (ρ− ǫ) ; (71)
[Hρ, Hǫ] = 0 ; [E+2ρ, E−2ρ] = 2B2ρHρ ; {E+ρ+ǫ, E−ρ−ǫ} = Bρ+ǫ(Hρ +Hǫ)
{E+ρ−ǫ, E−ρ+ǫ} = Bρ−ǫ(Hρ −Hǫ) ; [E±2ρ, E∓(ρ+ǫ)] = ε(±2ρ,∓(ρ+ ǫ))E±(ρ−ǫ)
[E±2ρ, E∓(ρ−ǫ)] = ε(±2ρ,∓(ρ− ǫ))E±(ρ+ǫ) ; {E±(ρ+ǫ), E±(ρ−ǫ)} = ε(±(ρ+ ǫ),±(ρ− ǫ))E±2ρ
[E±2ρ, E±(ρ±ǫ)] = {E±(ρ+ǫ), E∓(ρ−ǫ)} = {E±(ρ+ǫ), E±(ρ+ǫ)} = {E±(ρ−ǫ), E±(ρ−ǫ)} = 0
Following Eq. (12) we define the bosonic and fermionic fields as
F+ = ζ1(x)Eρ+ǫ + ζ2(x)Eρ−ǫ + f(x)E2ρ ; F− = ξ1(x)E−ρ−ǫ + ξ2(x)E−ρ+ǫ + g(x)E−2ρ (72)
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and two extra bosonic fields, φ1(x) and φ2(x), associated to the Cartan subalgebra. The
components of the current are the following, (with the normalization StrH2ρ = −StrH
2
ǫ = 1),
1
k
J−2ρ = B2ρ
{
∂+f −
ε(ρ+ ǫ, ρ− ǫ)
2
(ζ1∂+ζ2 + ζ2∂+ζ1)
}
e−2φ1 (73)
1
k
JHρ = ∂+φ1 +
2
k
gJ−2ρ −Bρ+ǫξ1∂+ζ1e
−φ1+φ2 − Bρ−ǫξ2∂+ζ2e
−φ1−φ2
1
k
JHǫ = −∂+φ2 +
ε(ρ+ ǫ, ρ− ǫ)
k
ξ1ξ2J−2ρ +Bρ+ǫξ1∂+ζ1e
−φ1+φ2 − Bρ−ǫξ2∂+ζ2e
−φ1−φ2
1
k
J2ρ = B2ρ
{
−
2
k
g2J−2ρ + ∂+g −
ε(ρ+ ǫ, ρ− ǫ)
2
(ξ1∂+ξ2 + ξ2∂+ξ1)− 2g∂+φ1+
+ Bρ+ǫgξ1∂+ζ1e
−φ1+φ2 +Bρ−ǫgξ2∂+ζ2e
−φ1−φ2 + ε(ρ+ ǫ, ρ− ǫ)ξ1ξ2∂+φ2
}
1
k
Jρ+ǫ = Bρ+ǫ
{
2
k
gξ1J−2ρ − (ε(2ρ,−ρ+ ǫ)g +Bρ−ǫξ1ξ2)∂+ζ2e
−φ1−φ2 − ∂+ξ1 (74)
+ξ1(∂+φ1 − ∂+φ2)}
1
k
Jρ−ǫ = Bρ−ǫ
{
2
k
gξ2J−2ρ − (ε(2ρ,−ρ+ ǫ)g +Bρ+ǫξ2ξ1)∂+ζ1e
−φ1+φ2 − ∂+ξ2 (75)
+ξ2(∂+φ1 + ∂+φ2)}
1
k
J−(ρ+ǫ) = Bρ+ǫ
{
ε(2ρ,−ρ+ ǫ)
kB2ρ
ξ2J−2ρ + ∂+ζ1e
−φ1+φ2
}
1
k
J−(ρ−ǫ) = Bρ−ǫ
{
ε(2ρ,−ρ− ǫ)
kB2ρ
ξ1J−2ρ + ∂+ζ2e
−φ1−φ2
}
The constraints together with their respective gauge fixings are the following,
ψ1 = J−2ρ − λ ; ψ2 = JHρ ; ψ3 = J−(ρ+ǫ) ; ψ4 = J−(ρ−ǫ). (76)
We now take the remaining currents J2ρ, JHǫ , Jρ+ǫ and Jρ−ǫ and make the following
combination
L(x) =
λ
kB2ρ
J2ρ −
1
2k
J2Hǫ ; T (x) = JHǫ (77)
G+(x) =
√√√√ 2λ
kB2ρε(ρ+ ǫ, ρ− ǫ)
Jρ−ǫ ; G−(x) =
√√√√ 2λ
kB2ρε(ρ+ ǫ, ρ− ǫ)
Jρ+ǫ (78)
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The Dirac brackets evaluated with these operators give us the interesting case of N=2 super
conformal algebra, (see [22]) i.e.,
[L(x), L(y)]DB = 2L(y)δ
′(x− y)− L′(x)δ(x− y)−
k
4
δ′′′(x− y)
[L(x), G±(y)]DB =
3
2
G±(y)δ
′(x− y)−G′±(x)δ(x− y) (79)
[L(x), T (y)]DB = T (y)δ
′(x− y)− T ′(x)δ(x− y) (80)
[T (x), T (y)]DB = −kδ
′(x− y) (81)
[T (x), G+(y)]DB = G+(y)δ(x− y) (82)
[T (x), G−(y)]DB = −G−(y)δ(x− y) (83)
[G−(x), G+(y)]DB = 2L(y)δ(x− y) + 2T (y)δ
′(x− y)− T ′(x)δ(x− y)− kδ′′(x− y) (84)
[G+(x), G+(y)]DB = [G−(x), G−(y)]DB = 0 (85)
where we have used the following relations
ε(2ρ,−ρ+ ǫ)Bρ+ǫ = ε(ρ+ ǫ, ρ− ǫ)B2ρ = ε(2ρ,−ρ− ǫ)Bρ−ǫ (86)
and
ε(2ρ,−ρ− ǫ)ε(2ρ,−ρ+ ǫ) = −2B2ρ
which were obtained from the Super Jacobi identities.
Again, solving the constraints and gauge fixings for the remaining currents we finally
obtain the realization of the generators of the N = 2 super conformal algebra in terms of
the Toda fields, given by
L(x) =
{
1
2
(∂+φ1)
2 −
1
2
∂2+φ1 −
1
2
(∂+φ2)
2 −
1
2
ε(ρ+ ǫ, ρ− ǫ)λ(ξ1∂+ξ2 + ξ2∂+ξ1)
}
T (x) = k {−∂+φ2 − ε(ρ+ ǫ, ρ− ǫ)λξ1ξ2} (87)
G−(x) = k
√√√√ 2λ
kε(ρ+ ǫ, ρ− ǫ)B2ρ
Bρ+ǫ {−∂+ξ1 + ξ1(∂+φ2 − ∂φ1)}
G+(x) = k
√
2λ
kε(ρ+ ǫ, ρ− ǫ)
Bρ+ǫ {−∂+ξ2 + ξ2(∂+φ1 + ∂+φ2)}
where the bracket in equations (79) is replaced by the Poisson brackets, derived from the
action of the model, [15].
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5.3 G = OSP(3,2) and the Super W-Algebra
The novelty of this example is the existence of a operator of conformal spin 5/2 leading to a
super W-algebra as an extension of the N = 1 super conformal structure already discussed in
detail in sections 5.1. As described in section 4, the even and the odd roots are respectively,
∆0 = {±ǫ,±2ρ}
∆1 = {±ρ,±ρ ± ǫ}. (88)
The constraints and gauge fixings for this case are chosen to be,
ψ1 = J−2ρ − λ ; ψ2 = JHρ ; ψ3 = J−ǫ − µ ; ;ψ4 = JHǫ ;
ψ5 = J−ρ ; ψ6 = Jρ−ǫ ; ψ7 = J−ρ−ǫ ; ψ8 = J−ρ+ǫ (89)
It was also argued that there are two bosonic remaining currents of conformal spin 2 namely
Jǫ(x) and J2ρ(x) and two fermionic of conformal spin 3/2 and 5/2 corresponding to Jρ(x)
and Jρ+ǫ(x), respectively.
We now take the remaining currents J2ρ, Jǫ, Jρ, Jρ+ǫ in the following combinations
L(x) =
λ
kB2ρ
J2ρ +
µ
kBρ
Jǫ (90)
R(x) =
λ
kB2ρ
J2ρ −
µ
kBρ
Jǫ (91)
G(x) =
√√√√( 2λ
kB2ρε(ρ, ρ)
)
Jρ (92)
W 5
2
=
µ
2kε(ρ+ ǫ,−ǫ)
√√√√ 2λ
kB2ρε(ρ, ρ)
Jρ+ǫ (93)
and evaluate the Dirac brackets. The resulting algebra is given by
[L(x), L(y)]DB = 2L(y)δ
′(x− y)− L′(x)δ(x− y) +
3k
4
δ′′′(x− y) (94)
[L(x), G(y)]DB =
3
2
G(y)δ′(x− y)−G′(x)δ(x− y) (95)
{G(x), G(y)}DB = 2L(y)δ(x− y) + 3kδ
′′(x− y) (96)
Equations (94)-(96) provide the realization of N = 1 super conformal algebra. The second
spin 2 and the spin 5/2 currents transform, under the Virasoro generator, as
[L(x), R(y)]DB = 2R(y)δ
′(x− y)−R′(x)δ(x− y)−
5k
4
δ′′′(x− y) (97)
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[L(x),W 5
2
(y)]
DB
=
5
2
W 5
2
(y)δ′(x− y)−W ′5
2
(y)δ(x− y)−
1
2
G(y)δ′′(x− y) (98)
Notice that the spin 5/2 current W 5
2
(x) does not transform as a primary field. However, the
linear combination W 5
2
(x)− 1
3
G′(x) does. The remaining Dirac brackets we obtain are
[R(x), R(y)]DB = 2L(y)δ
′(x− y)− L′(x)δ(x− y) +
3k
4
δ′′′(x− y) (99)
[R(x), G(y)]DB =
3
2
G(y)δ′(x− y)−G′(x)δ(x− y)− 4W 5
2
(x)δ(x− y) (100)
[R(x),W 5
2
(y)]
DB
=
1
2
W 5
2
(y)δ′(x− y)−W ′5
2
(y)δ(x− y)
−
µ
k
G(y) (L(y) +R(y)) δ(x− y)
+
(
G(x) +
1
2
G(y)
)
δ′′(x− y) (101)
{G(x),W 5
2
(y)}
DB
= (L(y) +R(y)) δ′(x− y) +
1
4
(L′(x)−R′(x)) δ(x− y)
− kδ′′′(x− y) (102)
{W 5
2
(x),W 5
2
(y)}
DB
= −
1
2k
(
L2(x) + L(x)R(x)
)
δ(x− y) +
3
8k
(L(y) + L(x)) δ′′(x− y)
+
1
8k
(R(y) +R(x)) δ′′(x− y) +
1
4k
G′(x)G(x)δ(x− y)
+
1
k
W 5
2
(x)G(x)δ(x− y)−
k
4
δ′′′′(x− y). (103)
The relations from the Super Jacobi identities we have used are
ε(2ρ,−ρ+ ǫ)Bρ+ǫ = ε(ρ+ ǫ, ρ− ǫ)B2ρ = ε(2ρ,−ρ− ǫ)Bρ−ǫ
ε(ρ+ ǫ,−ρ)Bǫ = −ε(ρ+ ǫ,−ǫ)Bρ = ε(ǫ, ρ)Bρ+ǫ
ε(ρ− ǫ,−ρ)Bǫ = ε(−ρ, ǫ)Bρ−ǫ = −ε(ρ− ǫ, ǫ)Bρ (104)
ε(2ρ,−ρ− ǫ)ε(2ρ,−ρ+ ǫ) = −ε(2ρ,−ρ)2 = −2B2ρ
ε(ρ, ρ)B2ρ = ε(2ρ,−ρ)Bρ ; ε(ρ− ǫ,−ρ)ε(ǫ,−ρ) = Bρ.
At this point we can use the Gauss decomposition to obtain the components of the current.
Again, solving the appropriate constraints and gauge fixings for the remaining currents we
find, in particular, another representation for the N = 1 super conformal algebra.
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5.4 G= D(2, 1|α) and the Super W-Algebra
This example presents three non commuting Virasoro generators, two fields of conformal
spin 3/2 and one of spin 5/2. We show that they lead to two non commuting N = 1 super
W-algebras.
The even and the odd roots are respectively,
∆0 = {±2ǫi} , i = 1, 2, 3
∆1 = {±ǫ1 ± ǫ2 ± ǫ3} (105)
The dimension of this group is 17. The simple (fermionic) roots are
α1 = −ǫ1 + ǫ2 + ǫ3 ; α2 = ǫ1 − ǫ2 + ǫ3 ; α3 = ǫ1 + ǫ2 − ǫ3 (106)
The other positive roots are
α4 = α1 + α2 = 2ǫ3 ; α5 = α1 + α3 = 2ǫ2 ;
α6 = α2 + α3 = 2ǫ1 ; α7 = α1 + α2 + α3 = ǫ1 + ǫ2 + ǫ3
(107)
The constraints and corresponding gauge fixings are
ψ1 = J−α1 ; ψ2 = J−α2 ; ψ3 = J−α3
ψ4 = J−α4 − λ4 ; ψ5 = JH3
ψ6 = J−α5 − λ5 ; ψ7 = JH2
ψ8 = J−α6 − λ6 ; ψ9 = JH1
ψ10 = J−α7 ; ψ11 = Jα3
(108)
After those are imposed we are left with six remaining currents which will generate the
super W-algebra. We have chosen the following normalization for them
L1(x) =
1
k
λ4
Bα4
Jα4(x) ; L2(x) =
1
k
λ5
Bα5
Jα5(x) ; L3(x) =
1
k
λ6
Bα6
Jα6(x) (109)
W
(1)
3
2
(x) =
√√√√(α1 · α3)λ4λ5
kλ6
ε(α1, α2)
ε(α1, α3)ε(α2, α3)
Bα3
Bα1Bα5
Jα1(x) (110)
W
(2)
3
2
(x) =
√√√√(α2 · α3)λ4λ6
kλ5
ε(α1, α2)
ε(α1, α3)ε(α2, α3)
Bα3
Bα2Bα6
Jα2(x) (111)
W 5
2
(x) =
√√√√(α1 · α3)(α2 · α3)λ4λ5λ6
k
ε(α1, α2)
ε(α1, α3)ε(α2, α3)
Bα3
Bα5Bα6Bα7
Jα7(x) (112)
where Bα ≡ Str(EαE−α).
The structure constants ε(β, γ) are determined from the root system and the super Jacobi
identities. However there are some arbitrariness in the choice of the signs of such structure
constants. We denote ε(β, γ) = η(β, γ) | ε(β, γ) |, where η(β, γ) = ±1. We have chosen
η(α1, α2) = η(α1, α3) = η(α2, α3) = η(α1, α6) = 1 (113)
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This choice completely fixes, through the super Jacobi identities, the signs of all other struc-
ture constants ε(β, γ).
We parametrize the scalar product on the root space as
ǫ21 = −
1
2
(1 + α) ; ǫ22 =
1
2
; ǫ23 =
α
2
; ǫi · ǫj = 0 , i 6= j (114)
where α is a parameter and α 6= 0 , −1. (From now on the α′s appearing in the formulae
are parameters and not roots).
The super W-algebra is given by the Dirac bracket of the remaining currents (109-112).
It has a very interesting structure as we now discuss. The currents Li(x), i = 1, 2, 3, given
in (109) generate three non commuting Virasoro algebras
[Li(x), Lj(y)]DB = δi,j {2Li(y)δ
′(x− y)− ∂yLi(y)δ(x− y)− ciδ
′′′(x− y)}
−
1
2k
(
3∑
k=1
ǫijk
)
W
(1)
3
2
(y)W
(2)
3
2
(y)δ(x− y) (115)
where ǫijk is the completely antisymmetric symbol (ǫ123 = 1), and the central terms are given
by
c1 =
k
2
Str(H3H3)
α
; c2 =
k
2
Str(H2H2) ; c3 = −
k
2
Str(H1H1)
(1 + α)
(116)
Under these Virasoro generators, the spin 3/2 currents transform as
[L2(x),W
(1)
3
2
(y)]
DB
=
3
2
W
(1)
3
2
(y)δ′(x− y)− ∂yW
(1)
3
2
(y)δ(x− y) (117)
[L1(x) + L3(x),W
(1)
3
2
(y)]
DB
= 0 (118)
[L1(x)− L3(x),W
(1)
3
2
(y)]
DB
= W
(1)
3
2
(y)δ′(x− y) +
2
k2
W 5
2
(y)δ(x− y)
− 2
(
W
(2)
3
2
(y)δ′(x− y)− ∂yW
(2)
3
2
(y)δ(x− y)
)
(119)
and
[L3(x),W
(2)
3
2
(y)]
DB
=
3
2
W
(2)
3
2
(y)δ′(x− y)− ∂yW
(2)
3
2
(y)δ(x− y) (120)
[L1(x) + L2(x),W
(2)
3
2
(y)]
DB
= 0 (121)
[L1(x)− L2(x),W
(2)
3
2
(y)]
DB
= W
(2)
3
2
(y)δ′(x− y) +
2
k2
W 5
2
(y)δ(x− y)
− 2
(
W
(1)
3
2
(y)δ′(x− y)− ∂yW
(1)
3
2
(y)δ(x− y)
)
(122)
The spin 5/2 current transforms as
[L1(x),W 5
2
(y)]
DB
=
3
2
W 5
2
(y)δ′(x− y)− ∂yW 5
2
(y)δ(x− y)
+
1
2
{αL1(y)− L2(y)− (1 + α)L3(y)}W
(1)
3
2
(y)δ(x− y)
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+
1
2
{αL1(y) + L2(y) + (1 + α)L3(y)}W
(2)
3
2
(y)δ(x− y)
−
k
2
{(
W
(1)
3
2
(y) +W
(2)
3
2
(y)
)
δ′′(x− y)
− 2∂y
(
W
(1)
3
2
(y) +W
(2)
3
2
(y)
)
δ′(x− y)
+∂2y
(
W
(1)
3
2
(y) +W
(2)
3
2
(y)
)
δ(x− y)
}
(123)
[L2(x),W 5
2
(y)]
DB
=
1
2
W 5
2
(y)δ′(x− y)− L2(y)W
(2)
3
2
(y)δ(x− y)
−
1
2
{αL1(y)− L2(y) + (1 + α)L3(y)}W
(1)
3
2
(y)δ(x− y)
+
k
2
{
W
(1)
3
2
(y)δ′′(x− y)− 2∂yW
(1)
3
2
(y)δ′(x− y) + ∂2yW
(1)
3
2
(y)δ(x− y)
}
+ c2W
(2)
3
2
(y)δ′′(x− y) (124)
[L3(x),W 5
2
(y)]
DB
=
1
2
W 5
2
(y)δ′(x− y) + (1 + α)L3(y)W
(1)
3
2
(y)δ(x− y)
−
1
2
{αL1(y)− L2(y) + (1 + α)L3(y)}W
(2)
3
2
(y)δ(x− y)
+
k
2
{
W
(2)
3
2
(y)δ′′(x− y)− 2∂yW
(2)
3
2
(y)δ′(x− y) + ∂2yW
(2)
3
2
(y)δ(x− y)
}
− c3 (1 + α)W
(1)
3
2
(y)δ′′(x− y) (125)
Notice that W
(1)
3
2
(x) and W
(2)
3
2
(x) are primary field (of spin 3/2) with respect to the
diagonal Virasoro generator L1(x) + L2(x) + L3(x). W 5
2
(x), on the other hand, is not a
primary field. This is a consequence of the gauge we are using. However one can check that
V 5
2
(x) ≡W 5
2
(x) +
k
3
∂x
(
STr(H1H1)W
(1)
3
2
(x) + STr(H2H2)W
(2)
3
2
(x)
)
(126)
is a primary field of spin 5/2 w.r.t. the diagonal Virasoro L1(x) + L2(x) + L3(x).
The Dirac brackets involving spin 3/2 currents are
{W (1)3
2
(x),W
(1)
3
2
(y)}
DB
= −2L2(y)δ(x− y) + 2kδ
′′(x− y) (127)
{W (2)3
2
(x),W
(2)
3
2
(y)}
DB
= 2(1 + α)L3(y)δ(x− y) + 2kδ
′′(x− y) (128)
{W (1)3
2
(x),W
(2)
3
2
(y)}
DB
= {−αL1(y) + L2(y)− (1 + α)L3(y)}
− δ(x− y)− kδ′′(x− y) (129)
We also have
{W (1)3
2
(x),W 5
2
(y)}
DB
= −
1
2
W
(1)
3
2
(y)W
(2)
3
2
(y)δ(x− y) + k2δ′′′(x− y)
+ k {(1 + α) (αL1(y)− (1 + α)L3(y)) δ
′(x− y)
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− (L2(y)δ
′(x− y)− ∂yL2(y)δ(x− y))} (130)
{W (2)3
2
(x),W 5
2
(y)}
DB
=
1
2
(1 + α)W
(1)
3
2
(y)W
(2)
3
2
(y)δ(x− y) + k2δ′′′(x− y)
+ k {(−αL1(y) + L2(y)) δ
′(x− y)
+(1 + α) (L3(y)δ
′(x− y)− ∂yL3(y)δ(x− y))} (131)
and
{W 5
2
(x),W 5
2
(y)}
DB
=
{
−(1 + α)W (1)3
2
(y) +W
(2)
3
2
(y)
}
W 5
2
(y)δ(x− y)
−
k
2
{αL1(y)− L2(y) + (1 + α)L3(y)}
2δ(x− y)
− 2k(1 + α)L2(y)L3(y)δ(x− y)
+
k2
2
{α(L1(x) + L1(y))− (L2(x) + L2(y))
+(1 + α)(L3(x) + L3(y))} δ
′′(x− y)−
k3
2
δ′′′′(x− y) (132)
Notice, from (117) that W
(1)
3
2
(x) is a spin 3/2 primary field w.r.t L2(x). From (127) we
see that the operators L2(x) andW
(1)
3
2
(x) generate a N = 1 superconformal subalgebra of the
above super W -algebra. Analogously, from (120) and (128) we see that L3(x) and W
(2)
3
2
(x)
generate another N = 1 superconformal subalgebra. However these two subalgebras do not
commute.
6 Conclusions
In this paper we have achieved a systematic method of classifying and dealing with the
symmetries of the supersymmetric Toda system. This was accomplished by exploiting the
Hamiltonian reduction of the WZNW model associated to a super Lie algebra whose simple
roots are all fermionic. This process leads to an improved energy-momentum tensor of
the theory giving rise to higher spin generators. Their classification generalizes the one
employed for the bosonic case ([10]). Each generator corresponds to a highest weight state
of a representation of a special Sl(2) subalgebra of G selected by the constraints.
The second main point we should highlight relies upon the Gauss decomposition formula
which allows explicit constructions of the current components in terms of the WZNW fields.
After imposing the constraints and gauge fixings, all degrees of freedom beyond the Super
Toda fields are eliminated and the remaining currents, in particular, provides, in a systematic
manner, representations of N = 1 and N = 2 super conformal algebras.
An interesting point we intend to pursue further concerns the construction of represen-
tations of super conformal algebras with higher supersymmetries whose algebraic structure
was discussed in [22]. This involves fermionic central extensions and may be related to other
conformally invariant models beyond the Super Toda.
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